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1. In a recent paper [3] we have shown how a sharpening of Teich-
miiller’s coefficient result obtained by a relaxation of the normalization im-
posed on the mapping function at the single pole of higher order of the quad-
ratic differential involved provides a most effective means for discussing the
coefficient problem for univalent functions. In the present paper we will de-
rive the corresponding extension of the General Coefficient Theorem. In addi-
tion to those given in [3] this result has a great number of explicit applica-
tions to the theory of univalent functions. We will give at the end of this
paper one such application to show the additional simplifications which the
new result provides.

2. Our present main theorem is enunciated within the same general frame-
work as employed in [2] and standard symbolism and notation will usually
be carried over without explicit mention. In particular we refer to [2, Defini-
tions 4.1, 4.2, 4.3] for the concepts admissible family of domains, admissible
homotopy into the identity and deformation degree. However it is necessary to
extend the definition of an admissible family of functions in the following
manner.

DEFINITION 1. Let {A} be an admissible family of domains Aj,j=1, - - -, K,
on the finite oriented Riemann surface & with respect to the quadratic differential
Q(2)dzt. Then by an admissible family {f} of functions f;, j=1, - - -, K,
associated with {A} we mean a family with the following properties

(i) f; maps Aj conformally into &, j=1, - - -, K,

(i) if a pole A of Q(2)dz? lies in A, fi(A)=A,

(iii) fi(A)MNf(A) =0, j#L, j,1=1,-- -, K,

(iv) if A is a pole of order m greater than two of Q(2)dz? in A;, in terms of a
local parameter z representing A as the point at infinity f;(2) admits locally the
representation

) ) =2+ 2 &

=% 2
where m—32k=m/2—2,
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(v) the family { f } admits an admissible homotopy F into the identity,

(vi) the homotopy F can be chosen so that if A is a pole of order m greater
than two of Q(2)dz? on the boundary of a strip domain then d(F, A)=0.

In the representation (1) it is understood that the numerical value f;(2)
is that assigned to the function f; in terms of the local parameter z. If we
replace the chosen local parameter z by another admissible parameter z then
the expansion of the corresponding function f; will be given by a series of the
same form as (1) although possibly with different numerical values of the
coefficients. However we verify that the algebraically largest negative power
of z associated with a nonzero coefficient will be the same in each case.

We are now ready to state the extended form of the General Coefficient
Theorem.

THEOREM 1. Let ® be a finite oriented Riemann surface, Q(2)dz?® a positive
quadratic differential on ®, {A} an admissible family of domains A, j=1, - - -,
K, on & relative to Q(2)dz* and { f } an admissible family of functions f;, j
=1, .- ., K, assoctated with {A} Let Q(2)dz® have double poles Py, - - -, P,
and poles Pyyy, + - -, Py of order greater than two. We allow either of these sets
to be void but not both. Let P;, j<r, lie in the domain A; and in terms of a local
parameter z representing P; as the point at infinity let fi have the expansion

(2 fi(z) = aPz + a;") ~+ negative powers of 2
and Q the expansion
3) Q(z) = a@Wz72 4 higher powers of 271,

Let P;, j>r, a pole of order m; greater than two, lie in the domain A, and in
terms of a local parameter z representing P; as the point at infinity let fi have the
expansion

)
a.

@ @) =2+ 3

1
i=k; 2°

where k; 1s the smallest integer greater than or equal to m;/2 —2 and Q the expan-
sion

(5) Q(Z) — a(.‘i) [zmj—4 + Z Bij)z’”j—i—-'i].
i=kj+1
Then
r . . N . ) 1 1 |
6) (R{ > o7 log o + X a(:)[af,,’}_3 + 7(3 m; — 2) ej(a,ﬁj))z
=1 j=r+1

W W
J v
T€Bk,+10k; ]} =0
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where log oV =log [a(")l —1d(F, P;), j=r, and ;=1 if m; is even, ¢;=0 if m;
is odd, j>r.

If equality occurs in (6) each fj, j=1, - - -, K must be an tsometry in the
Q-metric

| de|= | Q@) |2 dz]

each trajectory in US| A; must go into another such and the set UK, fi(A,) must
be dense in Q. If equality occurs in (6) fi reduces to the identity in a domain A,
for which any of the following conditions holds.

(i) There is in Ay a pole P;, j>7, of order m; such that > =0 for i <m;—3.

(i) There is in A, a pole P;, j<r, with the corresponding coefficient a‘?
equal to one.

(1ii) There is in Ay a simple pole of Q(2)dz? or a point on a trajectory ending
in a simple pole.

Equality can occur in (6) when there exists a double pole P;, j<r, such that
for the corresponding coefficient la‘f )l #1 only when ® is conformally equivalent
to the sphere and Q(2)dz? is a quadratic differential whose only critical points
are two poles each of order two. If further {A} consists of a single domain the
corresponding function is conformally equivalent to a linear transformation
with the points corresponding to these poles as fixed points.

The weakening of the normalization of the functions f; at poles of order
greater than two allows further possibilities of equality as compared with
those in the statement in [2, pp. 51, 52]. Examples can readily be given show-
ing that these can be effectively realized, see [3, Corollaries 2 and 13] and
below §10.

REMARK. While the restriction that the expansion (4) should contain no
terms in z=¢ with 0 <4 <m;/2—2 is required by the method employed in the
proof of inequality (6) the corresponding restriction on the expansion (5) is
imposed only to reduce the complication of the expression forming the second
summand in (6). Indeed the latter condition can always be obtained for an
arbitrary quadratic differential by a suitable change of the local parameter
used for this expansion. Indeed suppose that in terms of the parameter z we
have

0@z = a(z”‘“‘ + Z B;z"‘“"“).
i=1
Making the change of parameter
z2=2Z4 ¢+ Zcqz—q
q=1

we obtain the corresponding expression
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06) = 06:(2) (—Z—j)

© m—4 © ) m—i—4
= a[(Z + o+ 2 ch“1> + D8 (z +oc+ 2 cqz—q) ]

g=1 i=1 g=1

0 2
X [1 - chZ“l‘l]

g=1

= al:zm—4 + > (Bi+ (m — 4)ciy + termsine;,j < i — 1)2,,,_,._4]

=1

X I:l — 2 (2g¢c, + termsincj,j < q)g—q—l]

q=1

= aI:Z'""" + i Bi+ (m —4 — 201 — 1))ciy

=1

+ termsincj, j <1 — 1)2’"‘“4].

Thus we can choose the ¢; successively to eliminate a finite number of terms
in the sum up to the possible point where

m—4—26—1) =0
that is
i=m/2 — 1.

Of course this operation entails a corresponding change in the coefficients in
the expansion of the function f. Note that if m is odd the above elimination
can be continued to any finite number of terms. In any given numerical case
it is a simple matter to perform this reduction explicitly. In particular we see
that the present enunciation of Theorem 1 immediately implies that previ-
ously given for the General Coefficient Theorem.

3. It goes without saying that the proof of the preceding theorem follows
the general lines of that used in [2]. However certain arguments must be
refined, compare [3], so that we will attempt to give enough detail to make
the account readable while referring to [2] for certain steps to avoid repeti-
tion.

LEMMA 1. It is sufficient to prove inequality (6) under the further assumption
that Q(z)dz® has no simple poles on R.

If Q(2)ds? has simple poles on ® since the set H [2, p. 27] is not empty we
form a two-sheeted covering surface ®* of ® branched at the simple poles
and possibly at one element of H. At points of ®&* other than these branch
points we can use local uniformizing parameters induced by the covering of
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®. At a branch point we can use a local uniformizing parameter Z such that
Z?=z with z a local uniformizing parameter on ® in terms of which the projec-
tion of the branch point is represented by 2=0. Clearly ®&* is a finite oriented
Riemann surface.

The quadratic differential Q(2)dz? induces a quadratic differential Q*(z)dz*
on ®* as follows. For a local uniformizing parameter z induced by the cover-
ing of ® we set

0*(2) = Q(2).
For a local uniformizing parameter Z at a branch point we set
0*(2) = 0(27)42>.

It is then verified [2, p. 52] that at a branch point, corresponding to a simple
pole of Q(2)dz?, Q*(z)dz? is regular and, corresponding to a double pole of
Q(z)dz?, Q*(2)dz? has a double pole. The case of a pole P; with j>r must be
checked in more detail owing to the form of the normalization (5). Using
now a local parameter Z given by Z?=3z in terms of which the branch point
is represented by the point at infinity we have

0"2) = a""[ PRSI S 2(""‘““)]4z2

i=kj+1
(J) 2m ;— (]) 2m;—2—21—4
™ - w274 5 g
temk i1
(6] mj — *(J) m;*—i—4
= 4a [Z’ + Z g z" ]
f=k; *+1

where m} =2m;—2, k, =m;—3, BN =pY, gD —=0. We verify directly that
the normalization (5) is satisfied.

All remaining conditions and normalizations of the theorem are readily
checked. We give explicitly only the verification of the normalization (4) at
a pole of order greater than two at a branch point. Using the same local
parameter as in the preceding calculation the appropriate function has the
expansion

(1) 1/2 *(J)
®) v Tt -2+ 52
S o bt
where a0 =0, i=k;, - - -, mj—3, axd,=2"%4Y, i=kj, - - -, m;—4, azml s

—2‘10(’) —8“6,(11"))z We see at once that the normallzatlon (4) is satis-
fied.

It remains to verify that the value of the functional on the left hand side
of inequality (6) arising from ®* is just twice that for ®. This is immediate
for the contributions arising from poles on & above which ®* is not branched
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and the corresponding pair of poles on ®&*. In the case of a pole of order two
on ® above which ®* is branched the result is verified in [2; p. 54] and for a
pole of order greater than two on ® above which ®* is branched it follows
from the expansions (7) and (8).

4. The main step in the proof of inequality (6) is now carried out in the
usual manner, that is, from the domains in {A} we remove suitably fashioned
neighborhoods of the points of H. Then in terms of the area of the residual
domains in the Q-metric we obtain two evaluations of the area of their images
under the functions of {f}.On the one hand we obtain an estimate from above
using the behaviour of the functions of {f} on the boundaries of the neighbor-
hoods removed. On the other hand we obtain an estimate from below using
the method of the extremal metric.

In the present situation the neighborhoods removed may be chosen in
the same manner as in [2, pp. 59, 60]. In each case a simply-connected neigh-
borhood of a pole in H is slit along an open arc on a trajectory or orthogonal
trajectory (the latter in the case of a pole of order two in a circle domain)
and the residual domain mapped on a portion of Riemann surface by
¢=/(Q(2))/?dz. For convenience later on we will assume that for a pole of
order greater than two the trajectory used is on the boundary of an end
domain at that pole and its image under the chosen branch of [(Q(2))!/%dz
lies above the positive real {-axis. For a pole of order greater than two we
take the trace on this surface of a square centre the origin of side 2L with
sides parallel to the coordinate axes. The inverse image of this trace, possibly
completed by a trajectory arc forms the boundary of the neighborhood in
question. For a pole of order two not in a circle domain we replace the square
by the line ®R{ = L; for a pole of order two in a circle domain by the line ¢ = L.
In each case we obtain for the pole P; a closed curve v(P;, L) which bounds a
neighborhood of P; denoted by U(P;, L). In general these depend not only
on L but on the choice of determination of [(Q(2))!/2dz. However we keep a
fixed determination for each P;. We define

N
A(L) = A; — UT(P;, L), i=1,--,K

=1

and assume L so large that no boundary component of a domain A; meets
any v(P;, L) or penetrates into the interior of any U(P;, L).

Actually the choice of the figure whose trace we take on the Riemann
surface, subject to certain regularity restrictions, is not of too great impor-
tance in the present situation. In [3], in order to simplify certain technical
considerations, we used a circle rather than a square but the latter would
have led to the same results. In general because of their connection with
trajectory and orthogonal trajectory structure therﬁgures employed here
seem to offer the greatest intuitive naturalness.

5. Let P, lie in the domain A;. Then for the variable { = [(Q(z))!/%dz with
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the determination chosen above a mapping is induced by the function f;. In
the case of a pole of order greater than two this is done by taking for a point
P on the portion of Riemann surface over the {-plane the corresponding value
zand performing the mapping fi(2). Providing |§‘| is large enough for P, fi(2)
will lie in a circular neighborhood of z and we map back by the continuation
of f(Q(2))'/?dz in this neighborhood. We denote by w the value corresponding
to P by this process. It evidently depends in general not only on the value of
¢ at P but also on the sheet of the Riemann surface on which P lies. We ob-
tain an expansion for w in terms of { as follows, valid for I ¢ | sufficiently large,
where we temporarily omit all subscripts and superscripts j. We have

0 1/2
e =fo¢”2z"‘/2'2|:1+ > ﬁ;z“] dz

t=k+1

]

m3 1 . 1 1
fa‘” l:zm/z—z + E 73‘%"./2—;—2 Y (P Wy —— 6Bk+1) g-mi2

ikt 1 2 8

+ decreasing powers of 21/2] dz
1 -1 1
= a””(?m — 1) gm/2—1 5 ea'?Bri1log z — (1 — €)a/?Bry1z7 /2

m=3 1 /1 -1
+ al/2 E —(—m - — 1) Bizmi2—i—1

imkit2 2 \ 2
1/2 _i 1 - _}_ —_ i 2 —m[2+4+1
+a 3 m + 5 Bm—2 p €Brv1 ) 2

+ decreasing powers of z!/2

where there may be a constant term of integration on the right hand side
depending on the choice of determination of [(Q(z))!/2dz. Then for l ¢ I large
enough

1 -1 ) m/[2—1 1 [
w = all? (—2— m — 1) (z + > aqz“l) + 7ea”2/3k+llog (z + Zaqz-")

a=k 9=k

0 —1/2
— (1 = Jal By (z +3 aqz-q)
q=k

m—3 1 1 -1 0 m/2—i—1
+ a2 3 ——(—2—m —i— 1) B.-(z+ > aqz“l>

i=k+2 o=k

1 -1/ 1 1 9 o —m/[2+1
+ am(—?m + 1) <3 B2 — ry eﬁk+1) (z + X a.,z—q) + -

a=k

Rearranging we obtain
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w= ¢+ eaaq; + E Aol (m—2t=2) (m—2)

1st<m/2-2

9 n (1 ) —1 i 1 (1 ) 2 1 -1
9) a 2m ) [dm—s rY 7m )édk+—2‘éﬂk+1ak:|§'

+0([ ¢ [

where \; are certain constants.

In the case of a pole P; of order two we take for a point P on the portion
of Riemann surface over the {-plane the corresponding value z, perform the
mapping fi(z) and map back by the same branch of [(Q(z))/?dz following the
determination from z to f;(2) along the reverse of the path curve correspond-
ing to this point under the deformation F. The expansion for w in terms of ¢
is then given by [2, p. 62]

(10) w={4+ a?loga+ 0>

where we have omitted superscripts j appertaining to the particular pole and
log a is the same determination of the logarithm indicated in the statement
of Theorem 1.

6. Let us now denote f;(A;(L)) by A!(L). We will estimate the area of
UK, A/ (L) in the Q-metric from above in terms of the area of UX, A;(L) also
in the Q-metric. It is seen at once that each of these areas is finite. We observe
that the area of UX, A/ (L) is bounded above by the area of the domain on
® having as boundaries the image curves of the curvesy(P;, L),j=1, - - -, N.
Since the area of UK, A;(L) is equal to the area of the domain bounded by the
curves y(P;, L) it is enough to determine the change in area arising from the
displacement of each such boundary curve under its mapping by the ap-
propriate function in {f}.

Let first P;&EH, j>r, be a pole of Q(2)dz? of order m; greater than two
lying in A;. Under the mapping { = [(Q(2))/2dz there corresponds to y(P;, L)
a finite sequence of segments differing from m;— 2 half-boundaries of squares
(centre the origin and of side 2L) by at most one vertical and one horizontal
segment, each of length independent of L. The change in area may be re-
garded as arising from the effect of the mapping (9) on m;—2 consecutive
half-boundaries of squares adjusted by the effect on possible horizontal and
vertical segments where the vertical segment may have to be added or sub-
tracted.

The former contribution is seen at once to be

® {if <§' + i+ Z R (m2e=0) 1 (m=2) | ﬁ?_l>

21 15t<m/2—2

— ek 1
X (1 + Z <_ﬁ_§_2> )\tg-—l—(m—zt—2)/(m—2) - #.(—2) dr — E—f ?d;}
1

1st<m/2—2 m— 2

+ O(L-=»7)
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where, in terms of the simplified notation of formula (9), we have written
k for eat?a, u for a(m/2—1)"[an_s+2"1(m/2—2)eat+2"'Br1a:] and the
integral is taken over m —2 consecutive half-boundaries of squares. A direct
calculation shows that this expression is O(L=—7"),

Unless e=1 in the expansion (9) the change in area arising from possible
horizontal and vertical segments is also O(L=™27"), However if e=1 we
must have m even, thus a circuit about the point at infinity in the z-sphere
returns us in the Riemann surface over the {-plane to a point whose affix
has been translated by wiea!/?8,:. Since up to terms which are O(L= 27"
the transformation from ¢ to w is a translation through ea!/2a; the contribu-
tion from the segments is seen to be

${mice a0 + OL- 57 = @{re] a| Buysds} + O(L- -7,
Thus the total change in area arising from the effect of f; on y(P;, L), j>r, is

G| @
| i1,

} 4 0(1)

where we have resumed our complete notation.

Next let P;& H, j<r, be a pole of order two lying in A,. Then it is verified
as in [2, pp. 61, 62] that the change in area arising from the effect of f; on
y(Pj, L) is

(R{Tfjl a

27 ®f | «@| log a®} + o(1).

Combining these results we have our desired estimate from above

K K r

sz id < sz d4 + X 20@] | a® | log o}
11) i=1 Ai (L) i=1 A4(L) J=1
( ul YRR

+ E 1r(R{e,~I a ]Bk,+1dk,~ } + o(1).
J=r+1

In this expression dA denotes the element of area in the Q-metric.

7. Next we estimate the area of UK, A/ (L) (in the Q-metric) from below
in terms of the area of UX, A(L) by the use of the method of the extremal
metric. This time we interpret the former quantity as the area of UK, A, (L)
in a new metric. For PEA; we denote by | fi (P)l the distortion produced at
the point P by the mapping f; relative to the Q-metric. We now define the
metric p| d¢| on UK, A; by

o(P)|as(P)| = |fi(P)] &P, PEA, i=1---,K
where |d¢| =|Q(z)| /2| dz|. Then it is clear that

K
[l nroa=£0L, 0
Ujm A4(L) i=1 A; (L)

For each type of basic domain associated with the trajectory structure of
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Q(z)dz® on ® as in [2, Theorem 3.5] we now take the intersection with
UK, Ai(L) and estimate the area of this intersection in the metric p|d{|.

If we form the closure of all trajectories of Q(z)dz? which have a limiting
end point at a zero of Q(z)dz? (normally we would include simple poles but
at the moment we are assuming they are not present) the interior of this set
consists of a finite number of domains on ® whose union we denote by &.
Denoting #N\UE; A; by ®* we know that

K
* C U A«L)

fe=1

for all admissible L. Then we verify as in [2, pp. 63, 64] that

(12) ff ‘p'“’dA gf q)‘dA.

Next let D be a ring domain in the trajectory structure of Q(z)dz% Then
we denote DUK | A; by D* and observe that

K
D* C U A(L)

=1

for all admissible L. As in [2, p. 64] we see that

(13) ff ‘p2dA ;f £D'dA.

Let @ be a circle domain in the trajectory structure of Q(z)dz% We denote
by €(L) the intersection of € with Uf(_l A;(L). Then in the same manner we

have

(14) ff pdA ;ff dA.
Cw) Cw)

Consider now a pole P;, j>r, of order m; greater than two lying say in the
domain A; of the family {A} . With it are associated m;— 2 end domains which

we denote by &, - - -, &n;—2 taken in cyclic order starting with the trajectory
used to slit the simply-connected neighborhood of P;in §4 and possible strip
domains. Each &, ¢=1, - + -, m;—2, meets no domain in {A} other than A;.

We denote §,\A(L) by &(L). Then by the assigned branch of [(Q(z))/%dz, &
is mapped onto an upper half-plane and the remaining end domains alter-
nately on lower and upper half-planes. Further & (L) is mapped onto a half-

square E;(L)
—L<t<L, 0<n<L (¢ =&+ i)

provided perhaps with a finite number of horizontal slits. As in (2, p. 64]
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we take the union &* of & with two consecutive end domains in the trajectory
structure of —Q(2)dz? (on a covering surface of ® if necessary) so that §* is
mapped by the chosen branch of [(Q(2))!/2dz onto the union E* of an upper
half-plane, a right hand half-plane and a left hand half-plane. We transfer the
metric p(P) | d¢(P)| to the {-plane by setting

p(®) | ds| = o(P)] ds(P)].

No confusion arises by using the notation p in each case. Clearly

ff pdA =ff pdtdn.
&) Ey (L)

Let now a(n) denote the horizontal segment of length 2L lying in E;(L)
on the line 9¢ =7. This will exist for all but a finite number of 5 in (0, L). Let
A(n), B(n) be the end points of o(n) on the lines £=L, £¢= — L respectively.
Let ¢; be the mapping induced on E* by f; as in §5. Then by the exact argu-
ment used in [2, p. 65] we find that

f et 2 Olg(40) =~ 5B

Using the expansion (9) and writing u for
a(m/2—1)"an_s+2"2(m/2—2)eas+2 " €Bri1as ]

while setting n =L tan 6 we have

f pdt = 2L+ > (R{Ml g-l—(m—2t—2)/(m—2)
a(n)

1st<m/2—2

m— 2t — 2 m— 2t — 2
(e~ 0) - e (2 2 )}
m — 2 m— 2

+ 2(®u) L cos? § + O(L~+-m—27"),

Integrating this with respect to 7 over the range 0 <7 <L we have (neglecting
as we may the finite number of values of 5 for which o () may not be defined)

ff pdtdy = ff dedn + L > (R{)\,f | g-l—(m—zz-z)l(m—z)
E, (L) E(L) 15t<m/2—2
m— 2t —2 m— 2t — 2
(e (=222 ) e (P2 ) s )
m — 2 m — 2

™ -1
+ < G+ 0L,

We may write instead
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/4
ff pdA = ff dA + L Z (R{)\tf Ig-l—(m—w—z)/(m—z)
&y &Ly 1st<m/2—2 0
m= 2t — 2 m — 2t — 2
X (exp| ———— 16) — exp (———— i(r — 0)>> sec? odo}
m — 2 m— 2

+ % Ru + 0L,

Similarly we have for ¢=2, - - -, m—2

/4
ff pd A ;ff A + (=1L Y (R{A,f |§]—(m—2t—2)/(m—2)
& (L) &Ly 1st<m/2—2

X (exp( % i((g — Dm + 0)>

m— 2t — 2
—exp| ——— i(gr — 0))) sec? 0d0}
m— 2

T -1
5 O+ 0L,

Adding up all these terms we have

m—2 m—2
ff pdd = ff dA+(m—2)—(Ru
g=1 &y g=1 Eq(L)

+ L Z (—1)e? Z ®R {)\,f | ¢ I—(m—2l——2)/(m—2)
0

g=1 1st<m/2—2
m— 2t —2
(e (22220 pev0)
m — 2
m—2t—2
— exp (-——————- i(gm — 0))) sec? 0d0}
m— 2
+ oL,

The third term on the right hand side can be written as

/4 m—2t—2
L Y @& )‘tf | ¢ |-m2e=2i =) exp ( ———n——if
15t<m/2—2 0 m— 2
m— 2t — 2
+exp|—— 10
m— 2

X ("g (—1)etexp (_tn__;%—_-_Z (¢ — 1)7ri>> sec? 0do

g=1 2
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but

m_2 m— 2t—2
2 (=D ‘3XP<—f2

=1

(¢ — 1)m'> =0

so that the whole expression is zero.
The use of a familiar inequality now gives

m—2 m—2
> f f e f f QA + w(m — 2) G + O(L-0->7,
&a(L) &)

=1 q=1

Summing these results over all poles of order greater than two we have
ultimately

N

fo pszgEf dA+21r(R{Za(“
&w) 8w j=r+1

(15) 1 /1 1

X [a:;_s + ?<-2— m; — 2) Gj(dlz))z + > ejﬁéjllaiﬁ’:l} + o(1)
where the first two summations are each taken over the totality of end
domains.

Finally let 8 be a strip domain which has boundary elements arising from
poles P, and P; which may be distinct or coincident and of any order greater
than or equal to two. These poles must lie in the same domain, say A;, of the
family {A} and § can meet no domain in {A} other than A;. We denote
SNA;(L) by 8(L). A suitable determination of {=[(Q(z))!/2dz maps $ onto
a strip S given by

0<gr <A

(\ positive) where the boundary element of § arising from P, corresponds to
the boundary point of .S at infinity in whose neighborhood ®{ becomes posi-
tively infinite and the boundary element of § arising from P, corresponds to
the boundary point of S at infinity in whose neighborhood ®&{ becomes nega-
tively infinite. As in [2, pp. 66, 67] we form the union S* of S and two half-
planes containing respective right and left half-strips of .S (lying on a Rie-
mann covering surface if necessary). Under our chosen determination of
J(Q(2))2dz to $(L) corresponds a rectangle S(L)

—L4+b<ELSLHaq, 0<gp <A & =&+ iy

provided perhaps with a finite number of horizontal slits where @, b are real
numbers possibly positive or negative (since the present determination may
not be the one used to define the neighborhoods U(P;, L)). As before we
transfer the metric p(P) | da¢ (P)l to the {-plane by setting

o) | d| = o(P) | dr(P) |
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ff pdA =ff pdtdn.
Sy S(L)

Let o(n) denote the horizontal segment of length 2L +4a —b lying in S(L)
on the line 9(¢) =7 which exists for all but at most a finite number of 7 in
0<np<N\. Let A(n), B(n) be the end points of a(g) on the lines £=L+a,
&= — L+b respectively. Let us denote by ¢.;, j=¢, I, the mapping induced by
fi on S* according to the prescription given in §5 pertaining to the pole P;.
The current determination {; of [(Q(z))'/?dz is related to the determination
{1 used to define the neighborhood U(P;, L), j=gq, I, by a relation {s=c+{;
where ¢ is a constant. Let ;= +1 according as we have +{. Then if P,
j=gq,1, is a pole of order greater than two the mapping w =¢;;({) is represented
at the respective points 4 (n) and B(n) by the expansion

and we see at once

© = ¢ + djes(a )12y, 4+ 0L~

If P;is a pole of order two the mapping is represented by the expansion
o = £ + 8(a) 1/ log a® + o(1)

(note that in this case 6,=1, ;= —1) where (a(?)!/2= Ia(f)l 1/2¢%¥i is the root
with positive real part and log ¢ has the determination given in the state-
ment of Theorem 1. We denote this expansion generically by

w={¢+ 7+ o(1).
As in [2, pp. 67, 68] we verify that [ompdE= ®[pig(4 (1)) —pu(B(n))]. Thus

f pdt = 2L+ a — b+ ®ry — ®ry + o(1).
o(n)

Integrating this with respect to n over the range 0 <7 <\ (since we may neg-
lect the finite number of values of 7 for which ¢ (7) is not defined) we get

ff pdtdn = M2L + a — b] 4+ A&7y — A®7; + o(1)
S(L)
which may be written as

ff pdA = f dA 4+ ARty — AR + 0(1).
8wy 8Ly

Applying the familiar inequality gives

ff pidA gf dA + 2A®Rry — 2A®7 + o(1).
8w 8w)
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Summing over all strip domains we finally have

Eff p¥dAd = fo 4 + 41r01{ > | @@ | e cosy;log a(’)}
S(L) Sw) i=1

+2 3 ®frei@”) "B} Rlese”) "0} + o(1)

J=r+1

(16)

where for a pole of order two in a circle domain we understand that y;=w/2
and the first two summations are taken over the totality of strip domains.

Adding inequalities (12), (13), (14), (15), (16) for all domains into which
UK, Ai(L) is decomposed we have the desired evaluation from below

ff pdA = fo dA + 41r(R{ D ]a(f)le“’i cosy;log a(i)}
=1 A (L) Ai(L) j=1

@M @ @), 2 @
a0+l Tt (Fm—2)elol) + sl |
J=r+1 2 2
N1/2 _7) } {6 (C!(J))l/2 7)
5

N
+2r 2 Rlela ) Bon}®

j=r+1

)+ o(1).

8. Recalling that

K K
EIf, 4 EI o
=1 Ag (L) =1 A (L)

and combining inequalities (11) and (17) we obtain

21r<n{ 3 [a?] log ‘“} e 3 ale]a® | 826 + o)

i=1 J=r+1

= 41r(R{ > | a® | e cos ¥; log a‘i)}

J=1
N . . 1/1
ah[ o (), 2 @0 G
+ ZW(R{ E a ! [a":j_s + ?(? m; — )ej(dk: ) + e,Bijakj ]
j=r+1
N
G2, () ():/2()

+2r Y &fela’) Bkj+l} ®{e(a ) a, 1+ e1).

J=r+1

The explicit terms are independent of L and an elementary calculation gives

r . . N . 1
) ) ) )
(R{ Z a(: loga - z a [ i;"’_s F— < ) m; — )é,(a’(é))z

j=1 j=r+1
[€) B €)]
+ €Bk;+10x; ]} =0.

This completes the proof of inequality (6).
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9. As regards the question of equality in (6) we see that this can occur
only if it does in each of the inequalities (12), (13), (14), (15), (16). It should
be pointed out that so far this applies to the problem as simplified in Lemma
1. Equality in these is possible only if p(P)=1 in UK, A;—H, that is, the
mappings by the functions in {f} are isometric in the Q-metric. Further each
trajectory in an end, strip or circle domain must be mapped again into a
trajectory by the appropriate function in {f } otherwise an additional posi-
tive additive term would appear on the right hand side of (14), (15) or (16).
There is at least one such domain in the trajectory structure of Q(z)dz? under
the assumptions of Theorem 1. Further there can be no open set in the com-
plement of UK, f:(A,) in order that equality obtain in (11). Thus every
trajectory of Q(z)dz? in UK, A; must be carried into another such. It is clear
that these conclusions remain valid even when the simplifying assumption of
Lemma 1 is dropped.

The remaining equality statements of Theorem 1 come under the earlier
more special case of the General Coefficient Theorem and are proved as in
[2, pp. 69, 70].

Finally it should be remarked that there exists an extension of {2, Theo-
rem 4.2] to the present more general situation. The reader will easily supply
the formal statement.

10. The present extended form of the General Coefficient Theorem has
many interesting explicit applications. All the results of [3] come under this
heading. We want to give here one other application to show the operation
of the present theorem.

We begin by giving the mappings which play the role of extremal map-
pings in our problem. They are closely related to certain functions given else-
where [2, pp. 127-129] but it is desirable to discuss them independently here
in order to be able to treat the case of equality in the succeeding theorem in
complete detail.

LEMMA 2. Let Q,(w)dw? denote the quadratic differential
(w? — v?)dw?/w?
where v>0. Then Q,(w)dw? has two trajectories T,, T, each of which joins the
points +v. For v=4/w there exists a function f,&CZ such that the mapping
w=f,(2) carries E*: |z| >1 onto a domain bounded by T,, T, and possible

slits of equal length on the real axis to the right of v and the left of —v. The expan-
sion of f,(z) about the point at infinity begins

1
(18) z—l—5—(2—v2)/z+~-.

The interior of the complement of f,(E¥*) has inner conform radius with respect
to the origin equal to
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(19) 2ve™ L,

For v<4/w the functions in 2 which can be obtained from f,(2) by translation
along the trajectories of Q,(w)dw? make up a 1-parameter family F,(z, s),
—(2—mv/2)Ss=2—7v/2, where F,(z, s) is obtained from f,(2) by a translation
of amount s along the trajectories of Q,(w)dw? The expansion of F,(z, s) about
the point at infinity begins

1
(20) z+s+-2—(2-—v2)/z+---.

For v>4/w there exists a function f,EZ such that the mapping w=F,(z) carries
E* onto a domain bounded by a closed trajectory of Q,(w)dw? which separates
T,, T/ from the origin. The expansion of f,(2) about the point at infinity begins

1
—2 __ _— 2 “ ..
@1) z+<2k 1 2v>/z+

where

2 5®) 1
k = 2 ™.

The interior of the complement of f,(E*) has inner conform radius with respect
to the origin equal to

(22) 2ve~texp [— 2k~ W1 [K'(k) — E'(B)]].

For v=4/m there are no functions in = which can be obtained from f,(z) by
translation along the trajectories of Q.(w)dw?.

The upper half w-plane is carried by the mapping
w = f'w‘l(w2 — ) 2dw

for a suitable choice of determination onto the domain bounded by the fol-
lowing half-infinite segments: Jw=0, Rw=mv/2; Iw<0, Rw=mv/2; Ju <0,
Rw=—mr/2; 9w=0, Rw= —av/2. The explicit form of the mapping is

(w? — )12 4+ 4y

(w? — )12 — 4y

1
w = (w? — y?)l2 — Py iv log

where (w?—»?)1/2is to have its positive determination for w large and positive
and the logarithm is to have its positive determination at the same points.
We take

(23) f=z+27L
Then provided mv/2 £2, setting
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w=¢

we obtain an induced mapping from E* into the w-plane which is just the
desired mapping f,. It has expansion about the point at infinity

1
/i(2) =z+7(2—v2)/2+ I
The expansion of the mapping w about the origin is given by
1 1
w=1ilogw+ v — 2 i log 4»* + Py v 4 positive powers of w.

Thus the circle |z| <1 is mapped conformally on the interior of the comple-
ment of f,(E*) so that 2=0 goes into w=0 by the mapping w=g,(2) induced
by setting

iulogz-l-?m/ = w.

Consequently the inner conform radius with respect to the origin of the above
domain is 2ve™l.

A translation along the trajectories of Q,(w)dw? in the w-plane cor-
responds to a horizontal translation in the w-plane. This is consistent with
the preceding construction provided the amount s of translation does not
exceed the length in the Q-metric of each of the slits (present if mv/2 <2) on
the boundary of f,(E*) on the real axis. This requires —(2—mv/2)=<s
<2—mv/2. Then we obtain the new function F,(z, s) by setting

w=¢+s

so that the expansion of F,(z, s) about the point at infinity begins as in (20).
When 7v/2>2 we use instead of (23) the mapping

(24) £ = [ ool - e - )

of E¥N{92>0} where the root and the constant of integration are chosen
so that ¢ is positive for z large and positive and the mapping is symmetric
in the respective imaginary axes. Making the substitution Z = (z-+27!)/2 we

obtain
1 —_— k2Z2 1/2
JGR) -
k 1—- 22

2\
1 4 A2

where
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and the mapping satisfies the same conditions as before. Then provided

1 2
B T = N E(k)
setting
w={

the induced mapping from E* into the w-plane will provide just the desired
mapping f,. Its expansion about the point at infinity is

1
z -+ (2k‘2 -1 Py v2) =1 4 higher powers of z71.

In this case the circle |z| <1 is mapped conformally on the interior of the
complement of f,(E*) so that 2=0 goes into w=0 by the mapping w=_g,(3)
induced by setting

1 2
iu%z+zww—iz{mwy—ywn=w.

Thus the inner conform radius with respect to the origin of the above domain
is

2ve~! exp [— 2k~ I [K'(k) — E'(R)]].

That for v=4/m no functions in 2 can be obtained from f,(z) by translation
along the trajectories of Q,(w)dw? is readily seen by examining these trajec-
tories in the neighborhood of w=» (or —v»).

THEOREM 2. Let fEZ map E*: |z| >1 onto a domain whose complement
contains a domain with inner conform radius with respect to the origin at least
r (0<r<1) and have expansion about the point at infinity

2+ a0 + a1z7! + higher powers of 771
Then the region of possible values of a, is given by
I all § Pr

where

for r<8/me and
1
P,=2k?%2—1——
2

with



406 J. A. JENKINS [June

4
(25) v=— E(k), r= e [—2k%[K'(k) — E'(k)]]

for r>8/me. For r <8/me the value P,e?®, 0 real, 0 =0 <, is attained only for
the functions e®F,(e~ "z, s) wherev=er/2,— (2—mv/2) <s<2—mv/2.Forr =2 8/me
the value P,e*?, 0 real, 00 <mw, is attained only for the function e?f,(e~%z)
where v is determined by (25).

Let E denote Iz! <1 and let ®,(w), ¥,(w) be the respective inverses of
f» g defined on f,(E*), g,(E). Corresponding to a given function f(2) there
exists g(z) mapping E conformally into the complement of f(E*) with g(0) =0,
2’(0) =r. For given real §, 0 =0 <, we apply Theorem 1 with ® the w-sphere,
the quadratic differential

O(w)dw? = e (w? — %) dw?/w?,

the admissible family of domains e¥f,(E*), ¢?g,(E) and the admissible family
of functions f(e®®,(e~*w)), g(e?®¥,(e~%w)).

The quadratic differential has a double pole P, at the origin and a pole
P, of order four at the point at infinity. We have m.=4, k;=0. The cor-
responding coefficients are

1 2

o ==, W =g/,

a(2) = e—m, 61(2) =0, aéz) = @y, alm = gy — emP,.
Inequality (6) then gives

®{ —»? log (¢/ (0)/g(0)) + 7(as — *P)} < 0
or
®{e 0} <P, 0=0<m,
that is
|a:| = P

That the value P,e?? can be attained only for the functions indicated follows
from the fact that they are the only functions obtained from e¥f,(e~#2) by
translation along the trajectories of Q(w)dw?. That the circular disc is the
exact region of possible values of a; follows by a continuity argument closely
related to Grétzsch’s argument [2, p. 94].

It is worth while pointing out what advantage has been gained in using
the present Theorem 1 to solve this problem rather than the earlier form of
the General Coefficient Theorem. To treat the problem by the latter method
it would have been necessary to find the best possible bound for Ial‘ for
each possible value of @, and then solve explicitly the calculus problem so ob-
tained. There are numerous other interesting applications of this extended
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form of the General Coefficient Theorem some of which may be treated in
later publications.
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